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In 1969, Lászlo Lovász launched a conjecture that remains open to this day.
Throughout the years, variations of the conjecture have surfaced; the version
we used for this study is “Every finite connected Cayley graph is Hamiltonian”.
Several studies have determined and proved Hamiltonicity for the Cayley graphs
of specific types of groups with a minimal generating set. However, there are
few results on the Hamiltonicity of the directed Cayley graphs. We looked at
some of the cases for which the Hamiltonicity on Cayley digraphs has been
determined and we prove that the Cayley digraph of a group of order p2q is
non-Hamiltonian with a non-minimal generating set.
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Everyone familiar with graph labeling knows that if a graph with size m has
a graceful labeling, then it cyclically decomposes K2m+1. Many also know that
Rosa proved that a graph G with size m decomposes K2m+1 if and only if G
has a more general labeling known as a ρ-labeling. Or did he? The question
revolves around what exactly we mean by cyclic decomposition. We circle back
to unravel Rosa’s original proof. Untangling the competing definitions of cyclic
decomposition takes many twists and turns, before we wrap up with a more
general proof of Rosa’s Theorem.
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Any finite simple graph G can be represented by a collection C of subsets
of its vertex set such that each pair u, v ∈ V (G) is adjacent in G if and only
if u and v appear together an odd number of times in C. This talk will focus
on the minimum cardinality of such a collection, called the clique-build number
of G. In particular, we will explore the close relationship between the clique-
build number and the minimum rank of G over the finite field of order 2. We
show that the clique-build number and minimum rank of a forest over any field
coincide. More generally, the clique-build number of a graph is at most one
larger than its minimum rank over F2, and we provide a characterization of the
graphs which do not attain equality.
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A graceful labeling of a graph G of size m is an injective function f : V (G)→
{0, 1, . . . ,m} that induces an injective function f ′ : E(G) → {1, 2, . . . ,m} de-
fined by f ′(uv) = |f(u)− f(v)|. If instead we want to induce the edge labeling
via addition instead of subtraction, we would consider a harmonious labeling,
which can be described as an injective function f : V (G) → {0, 1, . . . ,m − 1}
that induces an injective function f ′ : E(G) → {0, 1, . . . ,m − 1} defined by
f ′(uv) = f(u) + f(v) (mod m). We introduce a new labeling that combines
both of these concepts and present results and conjectures about this new con-
cept.
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A k-plex is a hereditary hypergraph such that each hyperedge contains at
most k + 1 vertices. Motivated from the concepts of a k-walk and a k-path
between two (k − 1)-cells in a k-plex introduced by Beineke and Pippert in
1971, we introduce a new concept called the k-Wiener index of a k-plex as the
summation of k-distances of every unordered pairs of (k − 1)-cells of the k-
plex. This is a generalization of the well-known concept of Wiener index from
1-dimensional graphs to k-plexes. The concept is different from the Wiener
index of a hypergraph, which is the sum of distances between every unordered
pair of vertices of the hypergraph. In this talk, we will focus on k-Wiener
indices of k-trees, which form an important class of k-plexes and have many
properties parallel to those of trees. We show that the k-Wiener index of a
k-tree of order n is bounded below by 2
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. The bounds are attained only when the k-tree is a k-star

and a k-th power of path, respectively. Our results generalize the well-known
results that the Wiener index of a tree of order n is bounded between (n− 1)2

and
(
n+1
3

)
, and the lower bound (resp., the upper bound) is attained only when

the tree is a star (resp., a path) from 1-dimensional trees to k-dimensional trees.
Parallel concepts and results can be further extended to r-Wiener indices of a
k-plex for all 1 ≤ r ≤ k and the total Wiener indices of a k-plex.
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For a graph G = (V,E) embedded in the projective plane, let F(G) denote
the set of faces of G. Then, G is called a Cn-face-magic projective graph if there
exists a bijection f : V (G) → {1, 2, . . . , |V (G)|} such that for any F ∈ F(G)
with F ∼= Cn, the sum of all the vertex labelings along Cn is a constant S.
We call S the Cn-face-magic value of the labeling. We consider the m× n grid
graph, denoted by Pm,n, embedded in the projective plane in the natural way.
We show that for m,n ≥ 2, Pm,n admits a C4-face-magic projective labeling if
and only if m and n have the same parity. If m ≥ 2 and n ≥ 2 are even integers,
then the C4-face-magic value of a C4-face-magic labeling on Pm,n is 2mn+ 2.

Let m ≥ 3 and n ≥ 3 be odd integers. Then the C4-face-magic value of
a C4-face-magic labeling on Pm,n is either 2mn + 1, 2mn + 2, or 2mn + 3. In
this paper, we introduce a method to construct C4-face-magic labelings on Pm,n

when the C4-face-magic value is either 2mn+ 1 or 2mn+ 3.
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The distance matrix of a connected graph G is a symmetric matrix which
encodes the distances between vertices of G and the distance spectral radius
of G is the largest eigenvalue of its distance matrix. In this talk, I will discuss
some extremal problems for the distance spectral radius in several graph families
with a particular focus on the family of graphs with fixed chromatic number and
order.
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The Jacobian group is an algebraic invariant of a graph X in the form of a
finite abelian group whose size is equal to the number of spanning trees of X
(Kirchhoff’s Matrix Tree Theorem). We are interested in a specific type of
covering graph, called a derived graph, that is constructed from a voltage graph.
We study towers of derived graphs by adapting aspects of classical Iwasawa
Theory (from number theory). We obtain formulas for the orders of the Sylow
p-subgroups of the Jacobians in an infinite voltage p-tower, for any prime p, in
terms of classical µ and λ invariants, by using the decomposition of a finitely
generated module over the Iwasawa Algebra, Λ.
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In 2017, Hedetniemi asked the question “for which graphs G does the indexed
family {NG(v)|V ∈ V (G)} of open neighborhoods have a system of distinct
representatives?” In 2018, 2019, and in 2020, we answered that question, and
explored necessary conditions and associated parameters. Now, we move on to
other special set families in graphs and examine whether they do or do not have
a system of distinct representatives.
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N - and P-positions in Harary’s ‘Caterpillar Game’
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Frank Harary proposed the following game: Given a caterpillar C, two play-
ers take turns removing edges of a path. The player who takes the last edge wins
the game. In this paper, we completely characterize the N - and P-positions for
all caterpillars with spine length zero, one, two and three. Furthermore, we
analyze approximately 94% of the caterpillars with spine length greater than or
equal to four. In those cases, they all turn out to be N -positions.
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In Most 6-regular Toroidal Graphs
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A Kempe swap in a properly colored graph recolors one component of the
subgraph induced by two colors, interchanging them on that component. Two
k-colorings are Kempe k-equivalent if we can transform one into the other by
a sequence of Kempe swaps, such that each intermediate coloring uses at most
k colors. Meyniel proved that if G is planar, then all 5-colorings of G are
Kempe 5-equivalent; this proof relies heavily on the fact that planar graphs are
5-degenerate. To prove an analogous result for toroidal graphs would require
handling 6-regular graphs. We show that if G is a 6-regular graph that has an
embedding in the torus with every non-contractible cycle of length at least 7,
then all 5-colorings of G are Kempe 5-equivalent. Bonamy, Bousquet, Feghali,
and Johnson asked specifically about the case that G is a triangulated toroidal
grid, which is formed from the Cartesian product Cm�Cn by adding a diagonal
inside each 4-face, with all diagonals parallel. By slightly modifying the proof of
our main result, we answer their question affirmatively when m ≥ 6 and n ≥ 6.
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The 2-connected 2-tree graphs are defined as being constructible from a sin-
gle triangle by recursively appending new degree-2 vertices so as to form new
triangles. Such 2-trees are precisely the 2-connected graphs that are simultane-
ously chordal and series-parallel, where these latter two better-known types of
graphs have been characterized (and applied!) in numerous ways unmotivated
by their interaction with 2-trees and with each other.

Toward such motivation, this talk will examine several simple, very closely-
related characterizations of chordal graphs and 2-trees, and then of series-
parallel graphs and 2-trees, ending with how chordal graphs and series-parallel
graphs are special—indeed, extremal—in this regard.
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An automorphism of a graph is a mapping of the vertices onto themselves
such that connections between respective edges are preserved. A vertex v in a
graph G is fixed if it is mapped to itself under every automorphism of G. The
fixing number of a graph G is the minimum number of vertices, when fixed, fixes
all of the vertices in G. The determination of fixing numbers is important as it
can be useful in determining the group of automorphisms of a graph-a famous
and difficult problem. Fixing numbers were introduced and initially studied
by Gibbons and Laison, Erwin and Harary and Boutin. We determine fixing
numbers for various families of point-block incidence graphs. We present infinite
families of graphs with a fixing number of 1 where fixing any vertex fixes every
vertex of the graph. We also show that point-block incidence graphs can have a
high degree of symmetry and a large fixing number as they can be expressed as
the disjoint union of copies of P2 × Pn, K3,3, or Mőbius ladder graphs. This is
joint work with Josephine Brooks, Alvaro Carbonero, Joseph Vargas, Rigoberto
Flórez, and Brendan Rooney.
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On Dis-synthesizing the Ordering of the Cube’s Numbers
Evangelos Nastas
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This talk is devoted to breaking down the ordering of the cube’s numbers.
Furthermore, it encompasses proving a criterion of a basic subset for particular
subsets in relation to their graph theory properties. The basis of a set stems
from Hilbert’s 13th problem on the superposition of continuous functions. A
number of realizations of minimal non-basic subsets, problems and a conjecture
are also presented.
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Antipodal Paths on the Surface of a Multigrid
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Consider the Cartesian product graph with k factors, each of which is a path
of length n. Traveling only on the graph’s surface, how many shortest paths are
there from one corner to the opposite corner? This natural problem is raised (in
transparently equivalent form) in Alois P. Heinz’s contributed entry A225094 in
The On-Line Encyclopedia of Integer Sequences, with no formula given for the
relevant count. We present a reasonably elegant formula for the number of such
paths, and consider special cases and variations.
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In 1963, K. Corrádi and A. Hajnal verified a conjecture of Erdős by showing
that every n-vertex graph where n ≥ 3k and δ(G) ≥ 2k contains k vertex-disjoint
cycles. The conditions in this statement are known to be best possible, and in
2017, Kierstead, Kostochka, and Yeager provided a complete characterization
of all the sharpness examples. In particular when k > 2 and n > 3k, every
sharpness example contains an independent set of size n−2k+1. This hints that
one can attempt to generalize the theorem of Corrádi and Hajnal by weakening
the minimum degree condition, provided that the independence number is not
too big. This indeed is the case, and in this talk we will discuss how for t
sufficiently large, k ≥ 25t and n ≥ 4k + t, if G is an n-vertex graph with
δ(G) ≥ 2k − t and α(G) ≤ n− 2k − t+ o(t), then G contains k vertex-disjoint
cycles, and furthermore, this is asymptotically sharp.
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Anti-van der Waerden numbers on trees
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In this talk, arithmetic progressions on the integers and the integers modulo
n are extended to graphs. This allows for the definition of the anti-van der
Waerden number of a graph, which is the least positive integer r such that every
exact r-coloring of a graph contains a rainbow k-term arithmetic progression.
We will discuss bounds on the anti-van der Waerden number on trees regarding
3-term arithmetic progressions.
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A harmonious labeling of a graph G of size m is an injective function f :
V (G) → Zm that induces an injective function f ′ : E(G) → Zm defined by
f ′(uv) = [f(u) + f(v)] (mod m). When G is a tree, then f is allowed to repeat
one vertex label. We introduce a new type of graph labeling that combines
this well-known concept with that of another, graph colorings. A proper vertex
coloring c : V (G) → Zk is called a harmonious k-coloring if the induced edge
coloring c′ : E(G)→ Zk defined by c′(uv) = [c(u)+c(v)] (mod k) is also proper.
The minimum positive integer k for which G has a harmonious k-coloring is the
harmonious chromatic number of G, χh(G). We present our results in this area
which include the harmonious chromatic number of all trees, cycles, and grids.
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Changing the Uniform Spectrum of Graphs
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For connected graph G of order n ≥ 2, and integer k (1 ≤ k ≤ n − 1), we
say that G is k-uniformly connected if every pair of distinct vertices in G are
connected by a path of length k. The set of all positive integers k for which a
graph G is k-uniformly connected is called the Uniform Spectrum of G and is
denoted US(G). In this paper we explore how the Uniform Spectrum of certain
classes of graphs is impacted by either deleting or adding edges.
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